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The most widely used methods for reconstructing three-dimensional atomic arrangements from a photoelec-
tron hologram and an x-ray fluorescence hologram are based on an integral kernel, for example, the Fourier
transformation. These methods require many holograms that are recorded using multiple energies since the
Fourier transformation requires an infinite integral interval. Therefore, it is difficult to reconstruct an atomic
arrangement from a single-energy hologram. In order to accomplish to reconstruct the three-dimensional
atomic arrangement from a single-energy hologram, we have proposed a scattering pattern extraction algorithm
using the maximum-entropy method �SPEA-MEM� for photoelectron holography. In this paper, we also de-
scribe the application of this algorithm to x-ray fluorescence holography. We have succeeded in reconstructing
58 Au atoms from a single-energy x-ray fluorescence hologram that we have measured. However, artifacts have
been observed in the reconstructed image. This is due to the long coherent length and the mean-free path of the
x rays. Hence, we have incorporated crystal translational symmetry into SPEA-MEM to solve this problem. We
have applied this algorithm to an x-ray fluorescence hologram of Au and a photoelectron hologram of Cu that
we have measured. We have succeeded in reconstructing a very clear atomic arrangement with an accuracy of
0.01 nm in three-dimensional real space for both holograms.
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I. INTRODUCTION

In recent years, photoelectron holography, Auger electron
holography, and x-ray fluorescence holography have been
developed to study atomic arrangement. Holography is a
method for recording a three-dimensional image on a two-
dimensional image using a coherent waveform. Holography
was originally proposed by Gabor1 for the electron micro-
scope. Szöke2 has pointed out that atomic-resolution holog-
raphy can be realized by utilizing a wave emitted from an
atom, such as a characteristic x ray, photoelectron, and Auger
electron. The emitted wave is scattered by the surrounding
atoms, and an interference pattern between the direct wave
and the scattered waves is observed in the angular intensity
distribution. The angular distribution is interpreted as a ho-
logram that records the three-dimensional atomic arrange-
ment. Barton has proposed a numerical algorithm based on
the Fourier transform3–5 to reconstruct a three-dimensional
atomic arrangement from a photoelectron hologram �PEH�.
However, the atomic image reconstructed by this method
was unclear.3–6 In principle, it is quite difficult to reconstruct
an atomic arrangement from a single-energy hologram. This
is because the integral kernel of the Fourier transform re-
quires an infinite integration interval, and it is necessary to
measure as many holograms as possible with different ki-
netic energies. In addition, the Fourier transform is not a
good approximation for the electron hologram since the elec-
tron wave scattered by an atom is quite different from the s
wave. To date, several correction methods based on the mul-
tienergy format have been proposed for the PEH.4,7–23

In the case of the x-ray fluorescence hologram �XFH�, the
effects of the asymmetry of the scattered wave are not seri-

ous. Several experimental methods and algorithms based on
the Fourier transform have been studied.24–32 In order to ob-
tain the multienergy format, an inverse x-ray fluorescence
hologram �IXFH� has been developed. The algorithm that
was developed based on the Fourier transform and the mul-
tienergy format succeeded in reconstructing an atomic image
with subangstrom resolution. However, considerable time
was required to measure the multienergy of the IXFH. It is
still difficult to reconstruct from a single-energy XFH or
IXFH because the Fourier transform requires an infinite in-
tegral interval.

The Fourier transform cannot be expanded because its
basis function cannot be changed. Recently, Marchesini et
al.28 have proposed an iterative image deconvolution method
to improve the atomic image for fluorescence holography
and reported the application of a theoretically calculated ho-
logram using a small atomic cluster. Even when their method
is utilized, the application of an actual XFH may be difficult
because they have directly utilized the electron density, and
its application will require the use of a fine three-dimensional
real-space mesh �voxel� in the calculation in order to de-
scribe the density of the inner-shell electrons. In addition, as
shown later, radial correction in the reconstruction algorithm
is not introduced. In this case, the intensity of the atomic
image decreases with an increase in the distance from the
emitter atom.

We have proposed a scattering pattern extraction algo-
rithm using the maximum-entropy method �SPEA-MEM�
�Ref. 33–35� for the analysis of PEH and Auger electron
hologram �AEH�. This algorithm is not based on the integral
kernel, and it can reconstruct the atomic arrangement from a
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single-energy hologram. We already tested the algorithm by
using a PEH of Si�001� �Ref. 34� and an AEH of Cu�001�.35

In this paper, we propose to apply the SPEA-MEM to the
IXFH �XFH�. The validity and accuracy of the algorithm are
examined using an experimental IXFH of Au while compar-
ing with an experimental PEH of Cu�001�. Furthermore, we
report an algorithm in which the symmetry operations are
incorporated into the SPEA-MEM. This algorithm was tested
using both the IXFH of Au and the PEH of Cu. It dramati-
cally improves the clarity of the atomic image.

II. EXPERIMENT

A. Photoelectron holography

The Cu�001� crystal was measured at BL25SU of the
SPring-8 synchrotron-radiation facility. High-energy reso-
lution and circularly polarized light in the range of
0.2–2 keV were available. The Cu�001� surface was cleaned
by annealing. Reflection high-energy electron diffraction
�RHEED�, and x-ray photoemission spectroscopy were em-
ployed to examine whether the surface was cleaned by this
process. The PEH of Cu�001� was measured using a two-
dimensional display-type analyzer.36–38 A schematic view of
the experimental setup is shown in Fig. 1. The angular dis-
tribution of �56° is projected onto the screen of the ana-
lyzer, and it is measured with a charge-coupled-device
�CCD� camera. In this experiment, synchrotron radiation en-
tered the sample in a direction normal to the surface.
Seventy-two hologram images were measured by rotating the
sample. In this experimental setup, the condition of the crys-
tal and the polarized light did not change because the light
was circularly polarized. A 2� sr PEH was developed from
the measured images. Figure 2 shows the measured Cu�001�

PEH. The lines in the figure indicate the Kikuchi band. The
reciprocal-lattice vectors can be deduced from these patterns.

B. X-ray holography

The measured sample was a single crystal of Au �001�.
The experiment was performed at BL39XU of SPring-8. The
incident x-ray energy was 12.0 keV. We used a circularly
polarized x-ray beam generated by a diamond x-ray phase
retarder39,40 for simplicity of data analysis. The scattering
pattern function depends on the direction of the electric-field
vector of the x rays. The number of parameters for averaging
can be significantly reduced for nonpolarized or circularly
polarized x rays since the direction of the electric-field vector
varies every moment in these polarization states.

The Au L� �9.712 keV� x-ray fluorescence was analyzed
and focused by a cylindrical LiF crystal. The focused strong
x-ray fluorescence was detected by an avalanche photodiode.
The fluorescence intensities were measured as a function of
the azimuthal angle � and polar angle � within the ranges of
0���360° and 0���70°. The count rate of the x-ray
fluorescence was about 5�105 cps.

The measured hologram was extended to 4� sr images by
considering the symmetry of the Au crystal. The image is
shown in Fig. 3. The observed lines and curves in the figure
indicate standing-wave lines.

III. BASIC ALGORITHM

The angular distribution of the photoelectron or Auger
electron is given by41

Camera
Screen
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Electron orbit

Aperture

Synchrotron radiationObserved image

FIG. 1. �Color online� Schematic view of the experimental setup
and two-dimensional display-type analyzer. Angular distribution
without distortion is directly projected onto the screen. An example
of the observed image is shown in the figure.
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FIG. 2. Measured Cu�001� PEH. The kinetic energy of the pho-
toelectron is 818 eV, and the initial state is the Cu 3p state. The
lines in the figure indicate the Kikuchi band.
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FIG. 3. Measured Au�001� IXFH. The photon energy is 12
keV.
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Ie�k� = �
L
�	L�k� + �

h


L�k,ah��2
, �1�

where k and ah represent a wave-number vector and a posi-
tion vector of the scatterer atom, respectively. h is an integer
index for the scatterer atom. 	L�k� is the wave function of
the excited electron, and L is an index of the type of the
excited electron wave. 
L�k ,ah� denotes the scattered wave
function caused by the atom located at ah. The scattered
wave function is given by41


L�k,a� =
ei��k��a�−ka�

�a�
fL

e�k,a� , �2�

where fL
e�k ,r� is the scattering factor for the electron and is

a function of a complex variable.
Here we repeat the basic expressions for the electron ho-

logram from Ref. 35 for clarity. The intensity of the excited
wave function is given by

I0�k� = �
L

�	L�k��2, �3�

and the electron hologram function is defined as

�e�k� = Ie�k� − I0�k� , �4�

=�
h

�
L

��
L�k,ah��2 + 2 Re�	L
��k�
L�k,ah��� . �5�

When a scattering pattern function is defined as

te�k,a� = �a��
L

��
L�k,a��2 + 2 Re�	L
��k�
L�k,a��� , �6�

the electron hologram function is given by

�e�k� = �
h

te�k,ah�
�ah�

. �7�

It should be noted that the factor �a� in Eq. �6� is for the
reconstruction of the atomic image as described later.

In the case of the XFH, the hologram �p is given by42

�p�k� = �	0�k� +� ei��k��r�−kr�

�r�
fp�k,r���r�d3r�2

− �	0�2,

�8�

where � is the electronic charge-density distribution and
fp�k ,r� is the scattering factor of the x ray.

When the electron density is described as

��r� = �
h

���r − ah� , �9�


�k,a� =� ei��k��r�−kr�

�r�
fp�k,r����r − a�d3r , �10�

where �� is the electron density of each atom. When the
scattering pattern function of XFH is defined as

tp�k,a� = �a���
�k,a��2 + 2 Re�	0
��k�
�k,a��� , �11�

the hologram function is given by Eq. �7�.

The reconstruction algorithm based on Fourier transform
used to calculate the wave field U in the real space3,4,28 is

U�r�� =
1



�

�

�	−1
�r�,k���k�d3k , �12�

�	−1
�r�,k� = �r��Re�e−i��k��r��−kr��� , �13�

where � is the measured region in k space, 
 the volume of
�. U�r� is an atomic distribution function, and ��k� is the
hologram function. Sometimes an additional factor f 	−1
 is
included in �	−1
 to compensate for the aberration or distor-
tion produced by f . From a qualitative standpoint, when the
volume 
 increased, the reliability of the atomic image be-
comes higher. In the case of a multienergy IXFH, the atomic
image is successfully reconstructed by using this equation.
However, in the case of the electron hologram, this integral
kernel is not effective since the scattering function fL

e�k ,a� is
the function of a complex variable, and the imaginary part is
not negligible. In the case of a single-energy hologram of
XFH �IXFH� or PEH, the reconstructed atomic image using
Eq. �12� is distorted and has artifact, because the measured
volume 
 is quite limited.

We now describe the developed algorithm.35 Figure 4
shows the scattering pattern function t�k ,a� of the PEH and
XFH. In the case of the PEH, a strong forward-focusing peak
appears around the angle cos �=1. Further, the frequency of
the intensity modulation around cos �=1 differs from that of
ei��k��r�−kr� because of the influence of the scattering factor. In
the case of the XFH, the scattering pattern function is nega-
tive at cos �=1. The frequency difference between the inten-
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FIG. 4. �Color online� �a� Schematic view of the geometry of
the scattering pattern function. �b� Scattering pattern function of an
electron caused by the Cu atom. The kinetic energy is 818 eV. �c�
Scattering pattern function of an x ray caused by the Au atom. The
photon energy is 12 keV.
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sity modulation and ei��k��r�−kr� is small. However, the ampli-
tude of the function decreases with decreasing cos � and is
not perfectly equal to the function ei��k��r�−kr�. In order to re-
construct the arrangement accurately, we select the scattering
pattern function t�k ,a� as the basis function. The scattering
pattern function is not orthogonal. Therefore, the integral
kernel is not effective.

We extended Eq. �7� to the following equation that de-
scribes the hologram function:

��k� =� g�a�t�k,a�d3a , �14�

g�a� = �
h

��a − ah�
�a�

. �15�

Here, �a�g�a� describes a three-dimensional atomic distribu-
tion function. The problem of reconstructing a three-
dimensional atomic arrangement is reduced to the calculation
of the function g�a� from the hologram function ��k�.

In order to treat the three-dimensional atomic distribution
function and the hologram function realistically, we intro-
duced a three-dimensional mesh �voxel� or a two-
dimensional mesh �pixel� for the representation of the func-
tions g�a� and ��k�. The above expression is modified as
follows:

��ki� = �
j

g�a j�t�ki,a j��Vj , �16�

where ki and a j are the vectors of the ith pixel of k space and
the jth voxel of real space, respectively. �Vj represents the
volume of the jth voxel of real space.

The expected spatial resolution of the PEH and the XFH
is about 0.02–0.07 nm.26,29,33 The voxel that is finer than the
spatial resolution is necessary for Eq. �16�. When �1 nm
space is divided by 0.01 nm mesh, the number of voxels is
8�106. The number of sampling points of the single-energy
hologram with 1 deg2 mesh is about 3�104. Therefore, the
number of unknown variables in this case is much greater
than in that of the observed data. It cannot be solved by the
simple gradient method. If the sampling point of hologram
becomes more the same number of the voxel by using the
multienergy format, it may be possible to solve Eq. �16� by
using the simple gradient method. However, the very long
measurement time is necessary.

In the case of the single-energy hologram, in order to
calculate the function g, we must take into account the char-
acteristics of the function g and the information theory. The
function g is non-negative and is zero in most places. There-
fore, the maximum-entropy method is quite effective. We
used the iterative-scaling algorithm of the maximum-entropy
method. The entropy43 is defined as

S = − �
j

g�n��a j�ln
g�n��a j�

g�n−1��a j�
− �C , �17�

C =
1

N
�

i

���ki� − � j
g�n−1��a j�t�ki,a j��Vj�2

�i
2 − 1, �18�

where n is an index for iteration and �i is the standard de-
viation of the noise. The entropy is maximized to obtain the
real-space voxel, i.e., the three-dimensional real-space im-
age. This algorithm is a common approach to reconstruct the
atomic-resolution hologram, e.g., XFH, IXFH, PEH, and
AEH.

In order to estimate the effectiveness of the algorithm, we
have utilized a measured PEH of Cu�001� with a kinetic
energy of 818 eV and a measured IXFH of Au with a photon
energy of 12 keV. Figures 5 and 6 show the images recon-
structed from the PEH of Cu and the IXFH of Au, respec-
tively. In the case of the PEH, a clear atomic image is recon-
structed. Since the region of the measured PEH is 2� sr �z
�0� in size, the atomic image is also reconstructed in the
z�0 region. The total number of atoms in the atomic image
in three-dimensional space is 93.

In the case of the IXFH, we have succeeded in recon-
structing the atomic image by using the SPEA-MEM. Since
we use the IXFH in 4� sr, the atomic image is reconstructed
in both the regions of z�0 and z�0. The number of recon-
structed atoms is 58 in three-dimensional real space, which is
less than the number for the PEH. There are some artifacts
present and there is also some amount of deterioration in the
atomic images. This probably occurs due to the difference in
the mean-free path of the electron and x ray. In the case of
the PEH, the atomic cluster size is of nanometer order due to
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FIG. 5. Atomic images reconstructed from an experimental
single-energy PEH of Cu�001�. Each image is a cross section of the
volume image at z=0, 0.18, and 0.36 nm. The darkness is propor-
tional to the function �a�g�a�. The circles show the expected posi-
tion of the atoms.
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the mean-free path of the electron. Therefore, the size uti-
lized in the calculation is fitted to that of the PEH. In the case
of the XFH and IXFH, the atomic cluster size is quite large
because of the weak absorption of x rays and the long coher-
ent length. Therefore, the holographic pattern caused by dis-
tant atoms may cause the artifacts.

We would like to mention that the factor �a� in the scat-
tering pattern function t�k ,a� is important for the reconstruc-
tion of the atomic image. When the scattering pattern matrix
without the factor �a�

t̂�k,a� = �
�k,a��2 + 2 Re�	0
��k�
�k,a�� �19�

is adopted, we obtain an atomic image as shown in Fig. 7.
The image is clear only near the emitter atom; however, for
distant atoms the clarity decreases significantly. This is
caused by the asymmetry of the matrix element. Since the
amplitude of the matrix element t̂�k ,a� decreases with an
increase in the distance from the emitter, the gradient of the
sum of the squares �C /�g�a j� for a distant atom has a small
value. Therefore, the g�a j� for distant atoms becomes small
and the clarity of the image for distant atoms decreases sig-
nificantly.

IV. EXTENDED ALGORITHM WITH TRANSLATIONAL
SYMMETRY OPERATION

Information about the unit vector can be easily obtained
by other methods, such as LEED, RHEED, and x-ray diffrac-
tion. Translational symmetry information is also extracted
from the experimental hologram by using the Kikuchi pat-

tern in the PEH or AEH, Kossel pattern in the XFH, and
x-ray standing-wave pattern in the IXFH. However, even if
the unit vector is measured, it is not possible to determine the
atomic position. If information on the translational symmetry
of the crystal is utilized by the reconstruction algorithm of
the holography, the improvement of the atomic image can be
expected. Some algorithms were studied in the XFH
field,44,45 and they are based on the Fourier series for the
electron density of the unit cell. Here, we propose another
extended reconstruction algorithm. We added the following
calculation to the SPEA-MEM after each iteration calcula-
tion:

g�r� = �
�R��Ra

�r + R�
�r�

w�R�g�r + R� , �20�

R = lâ1 + mâ2 + nâ3, �21�

where ân represents the unit vector of the crystal, Ra is the
radius for the average operation, and w is a weight function.
The unit-cell vector ân can be estimated by LEED, RHEED,
the Kikuchi pattern, XRD, Kossel pattern, x-ray standing-
wave pattern, etc. There are many ways to select w�R�.
When w�R�=��R� is selected, the effect of the translational
symmetry disappears. The effect of the translational symme-
try operation can be controlled by careful selection of w�R�.

Here, we describe a case in which the effect of the trans-
lational symmetry operation is small. In this case, the weight
function is given by
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FIG. 6. Atomic images reconstructed from an experimental
single-energy XFH of Au. Each image is a cross section of the
volume image at z=0, �0.20, and �0.41 nm. The darkness is pro-
portional to the function �a�g�a�. The circles show the expected
position of the atoms.
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FIG. 7. Atomic images reconstructed from an experimental
single-energy PEH of Cu�001� using the scattering pattern function
without the factor �a�. Each image shows a cross section of the
volume image at z=0, 0.18, and 0.36 nm. The darkness is propor-
tional to the function g�a�.
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w�R� = �1/C: �R� = 0

v/C: �R� = â �unit cell size�
0: Others

�, �22�

where v and C are the weight value and normalization pa-
rameter, respectively. The voxel value is mixed only with
that of the neighboring unit cell. The schematic is shown in
Fig. 8. In the case of the face-centered cubic �FCC� structure,
the voxel located at the �0,0,1� position mixes with the vox-
els located at �0,0 ,1�1�,�0, �1,1�, ��1,0 ,1�. However, it
does not mix with �1/2, 1/2, 0�. Even with such an imperfect
mixture, the atomic arrangement can be reconstructed
clearly.

The result of the application of translational symmetry to
the PEH of Cu, and the IXFH of Au are shown in Figs. 9 and
10, respectively. It can be observed that the atomic image has
improved clearly. The shape of the atomic image becomes

spherical. Although there is no mixing between the atomic
image of �0, 0, 1� and that of �1/2, 1/2, 0�, each atomic image
is reproduced in its exact location. Therefore, the transla-
tional mixing method is quite effective in atomic image re-
construction.

When the perfect mixture for an FCC lattice using a set of
primitive unit vectors

w�R� = �1/C: �R� = 0

v/C: �R� = â/
2 �â: unit cell size�
0: Others

�, �23�

is adopted, the clarity of the atomic image increases. We
would like to mention that the atoms located not only at the
corners of the unit cell but also those located in it are clearly
reconstructed by using the translational symmetry operation
of the unit cell vector.

V. CONCLUSION

We have developed the SPEA-MEM in order to apply it
to x-ray holography. We have succeeded in reconstructing 58
atomic images from the experimentally observed IXFH of
Au. However, some atomic images are missing. We have
also extended the SPEA-MEM algorithm using the transla-
tional symmetry operation and tested it by using the experi-
mentally observed PEH of Cu and IXFH of Au. The atomic
images are successfully reconstructed from both holograms.
The reconstructed atomic image is quite clear with almost no
artifacts. This algorithm is effective, and practicable, since
there are many ways to measure the translational vector. In
this paper, the case of a bulk structure is introduced. It is
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FIG. 8. Schematic view of mixture of voxels by translational
symmetry.
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FIG. 9. Atomic image reconstructed from the experimental
single-energy PEH of Cu�001� using the SPEA-MEM with the
translational symmetry operation.
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FIG. 10. Reconstructed atomic image from the experimental
single-energy IXFH of Au by using the SPEA-MEM with the trans-
lational symmetry operation.
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possible to apply the algorithm to a surface or an interfacial
surface when the coefficients for the vertical translational
symmetry in Eq. �22� are changed to zero. The SPEA-MEM
with the translational symmetry enables the determination of
a bulk structure around an individual atomic site or impurity
by selecting the initial state dependent on the atomic species
and chemical state. By selecting the core level of an adsor-
bate, it is also possible to investigate the surface structure.
However, the translational operation algorithm cannot be ap-
plied to a case where the translational symmetry is locally
broken around the emitter, for example, the local distortion
caused by the impurity and adsorptions that do not form the
translational symmetry. Even with these drawbacks, it is an-

ticipated that the SPEA-MEM with the translational symme-
try operation will become a powerful tool for determining
the positions of atomic nuclei around particular target atomic
sites.
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